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The Hiickel molecular orbital theory stands on the approximation that a m electron moves in the average field of
potentials from other (¢ and ) electrons and nuclei, where the nuclear—nuclear repulsion energies are not taken into
consideration. A strange property of the Hiickel energy is that it has a linear additivity with respect to the ethylene unit
in polyenes. Based on the molecular virial theorem and a previous finding that the Hiickel energy represents the kinetic
energy of 7 electrons ((7T),), the linearity problem is reduced to two points: (1) why the ratio of (T)_ to the total kinetic
energy ((T)) is constant in linear polyenes and (2) why (7)) is linear with respect to the ethylene unit.

We treated the second problem using a newly developed energy-partitioning technique, and found that the total atomic
interactions are well localized around the region between neighboring atoms in spite of strong long-range interactions of
the individual potential-energy terms. If we adopt the fact that (T) /(T) is constant, the riddle of why (T) . or Hiickel
energy includes the information on the nuclear configuration is also understood through the virial theorem.

We use ‘empirical i energy’ for the so-called ‘m energy’
which is calculated by the Hiickel molecular orbital theory.”
A notable characteristic of the empirical 7 energy is that
it has a linear additivity with respect to the ethylene unit
in linear polyenes. This has served as the measure in the
modern definition of aromaticity.>—"

The Hiickel molecular orbital theory stands on the ap-
proximation that a m electron moves in the average field of
potentials from other (0 and m) electrons and nuclei, where
the nuclear—nuclear repulsion energies are not taken into
consideration.” Here a strange point is that although the
kinetic-energy and potential-energy operators are homoge-
neous of degrees —2 and —1 to the coordinate, the sum is,
somehow, homogeneous of degree +1. Thus, the property of
the linear additivity is a strange outcome.

In the preceding papers,*® we have compared the Hiickel
energy with the partitioned ab initio total energies (E) to give
this result: (1) the empirical & energy does not correspond
to the m-electronic energy (E,®), the energy of m electrons
that move in the fields of other m as well as o electrons
and nuclear charges as the Hiickel energy was expected to
represent. Instead, (2) it represents a relative amount of the
kinetic energy of  electrons ((T),) in a quantitative manner
and (3) the (T)_/(T) is a constant in linear polyenes.”

Thus, although the reason has not been given, the empirical
7 energy is understood to express a relative amount of (T)
of a polyene. Besides, since the simple virial theorem'?
holds in a molecular system, the empirical 7t energy is also
supposed to express E, or the relative potential energy ((V)).
Therefore, the linearity problem of the empirical & energy
comes to two points: (1) why (T)_/(T) is a constant in linear
polyenes and (2) why E, (T), or {V) is linear with respect to
the ethylene unit. This article treats the latter problem.

Method

The procedure must begin to inspect the manners in which atoms
interact with each other in a molecular system. To this end, it is
necessary to express, in an explicit way, the total and partitioned en-
ergies as a sum of the energies of atomic parts and of the interactions
between all pairs of atoms (Eq. 1). Kollmar'” has proposed this
for the ab initio Hartree—Fock—Roothaan theory.'>~'* However,
since he used the Fock matrix, the one-center term (E4) inevitably
includes a large amount of two-center energies and vice versa.

The explicit partitioning has recently been carried by us and the

resultant expressions are:'”

E=Y Es+>» Eus, 1)
A

A>B
Ex={T)a+ (Ven)a+ {Vee)a; )
Esg=(T)ap+ (Ven)ag+ (Vee)an + Vig 3)

‘where, E4 and E4p are the total one- and two-center energies while

(T), (Ven), (Vee), and VX are the kinetic energy of electrons, one-
electron potential energy, two-electron potential energy, and nu-
clear—nuclear repulsion energy. They are obtained by the following
formulae. 1) The kinetic energy,

Da= 3P [0 (-37°0) ndan, @
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Here, Pys, yr, and V? arc the element of the bond order matrix
between atomic orbitals, y- and ys, and the Laplacian operator.
And )" indicates the summation of r that belongs to atom A. 2)

reA
The one-electron potential energy,
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where, Z4 and r 4 are the nuclear charge of atom A and the distance
between nucleus A and electron 1. And indicates the > summation
K
concerning all AOs. 3) The two-electron potential energy,
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In the above equation, two-electron integrals ((rs/tu)) are,

os/m= [ [ xr(l)xs(l)( )x,(z)xua)dndrz (10)

The rationalization of these formulae has been given in the preced-
ing paper and results calculated by the above scheme satisfy all the
theoretical requirements.'>

The calculation for the following results has been carried out
on an IBM RS/6000-590 computer using GAUSSIAN-90 program
package'® with additional subroutines for the above energy-parti-
tioning.

Results and Discussion

To know the characteristics of 0 system concerning the lin-
ear additivity, we first inspect the case of linear saturated hy-
drocarbons; then we discuss the polyenes. We have adopted
the STO-6G basis set'” and all the molecular geometries
have been optimized.

Additivity in Linear Saturated Hydrocarbons.  Ta-
ble 1 shows the partitioned energies as a function of n in
CH3—(CH,),—CHj3. The molecular system is required to sat-
isfy the simple virial theorem: (V) = —2(T). Most LCAO-
MO wave functions are far from this requirement. Besides,
the expectation values are greatly dependent on the scale
factor of the wave function.'® We used both the usual un-
scaled wave function and the wave function so scaled as to
satisfy the simple virial ratio ((V) = —2(T)) to see the effect
of scaling: This is a way to see the basis set dependency.

A near-perfect linear additivity is found in E and (7) in
the linear saturated hydrocarbons. The linearity holds within
a deviation of 0.004% in both E and (T). When the wave
function is scaled, such a deviation is further reduced, i. e.,
if a more sophisticated basis set is adopted, the linearity is
expected to be much more improved. Let us seek the reason
of the linearity.

Since E, (T), and (V) are linked by the virial theorem,
examining one term of them would be enough to understand
the additive nature. Here we take (V) for this purpose. Let
us consider a general case as one atomic group (—-CHy-) is
added to molecule P to. give its homologue Q (Scheme 1).
For the process from P to Q, if the potential energy is shown

Linear Additivity of ‘wt Energy’

to increase proportionally to 7, the number of units, or if the
energy difference between n and n+1 homologues gives a
constant,

2AE =

—2A(T) = A(V) = const, (11

we may get an answer to why E and (7T) have the character
of a linear additivity.
In Eq. 11, A(V) is partitioned as

A(V) = A(Ven) + AVee) + AV, (12)

To satisfy Eq. 11, (Ven) 45+ (Vee) 45+ Vas" must be linear to
n. Namely, the sum to be null or close to null in atoms A and
B except for neighboring groups. Let us examine how the
long-range interactions are cancelled.

Tables 2, 3, and 4 show the group interaction energies be-
tween methyl and/or methylene groups in CH3(CH,);;CHj3.
Here the group interaction indicates the sum of the interac-
tions between atomic groups. The interaction of the total
energy (i. e., Esp) between adjacent methylene groups (m
and m+1 interaction) results in a value between —0.0990 and
—0.1132 au. Noted is that m and m+1 interaction energy is
almost fixed to be —0.1132 except 1-2 and 12-13 interac-
tions. The exception is undérstandable because the first and
13th groups are methyl and the others are methylene groups.

The m and m+2 interactions appear to be a repulsive value
between 0.0202 and 0.0216 au: except interactions including
the first and last groups, they are constant at 0.0216 au. Other
long-range interactions are found to be almost zero. Thus,
the change of the total by adding one CH, group to such a
system can be easily predicted. Thus, we may understand
that the o system has a potential-energy localizability.

However, such localizability is strange enough if one con-
siders the nuclear—nuclear interaction energies that are given
by Z4Zp/R4p. Namely, they are long-range interactions. As
a matter of fact, as Table 2 (lower triangle) shows, even that
between 1 and 13 is more than 2.7 au. To have the energy
localizability hold, the nuclear—nuclear interaction energy
must be near-perfectly cancelled by other electrostatic inter-
actions, i. e., by one- and two-electron potential energies.

One- and two-electron potential energies in Table 3 show
that each value of the two-electron potential energy is al-
most equal to that of the nuclear—nuclear interaction energy
and that the absolute value of one-electron potential energy
is about double that of the two-electron potential energy.
Namely, (Ven)ap~ —2(Vee) 45~ —2Vap™ holds in a long-
range group interaction. Table 4 verifies that the nuclear—nu-
clear repulsion energy is almost cancelled by both one- and
two-electron potential energies.

The above results show that the linear saturated hydro-
carbons have the nature of a linear additivity. This indicates
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Scheme 1.
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Table 1. Verification of Linearity of the Kinetic ((7)) and Total Energies (E) in CH;—(CH,),~CH;?

Unscaled” Scaled®

n 1 A(T) AX(T) ) A(T) AX(T)
1 117.919216% 118.02199
2 156.816367 38.897151 156.978671 38.956681
3 195.713737 38.897370 0.000219 195.935124 38.956453  —0.000228
4 234.610987 38.897250 —0.000120 234.891750 38.956626 0.000173
5 273.506749 38.895762 —0.001488 273.847963 38.956213  —0.000413
6 312.403681 38.896932 0.001170 312.804019 38.956056  —0.000157
n 3(T)as AZ(T)ap A?Z(T)ap (T ap AZ(T)p A*Z(T)ap
1 3.761691 3.763663
2 4.896471 1.134780 4.899340 1.135677
3 6.031630 1.135159 0.000379 6.034926 1.135586 —9.1E-05
4 7.166756 1.135126 —3.3E—-05 7.170487 1.135561 —2.5E—05
5 8.30040 1.133644 —0.001482 8.306031 1.135544 —1.7E-05
6 9.435082 1.134682 0.001038 9.441554 1.135523 —-2.1E—-05
n S(T)a AS(T)a A*Z(T)4 S(T)a AZ(T)a AYE(T)a
1 114.157525 114.258327
2 151.919896 37.762371 152.079331 37.821004
3 189.682106 37.762210 —0.000161 189.900198 37.820867  —0.000137
4 227.444232 37.762126 —8.4E—05 227.721264 37.821066 0.000199
5 265.206349 37.762117 —9E—06 265.541932 37.820668  —0.000398
6 302.968599 37.762250 0.000133 303.362465 37.820533  —0.000135
n E AE A’E E AE A’E
1 —118.022349 —118.022379
2 —156.978684  —38.956335 —156.978737  —38.956358
3 —195.934999  —38.956315 2E-05 —195.935077  —38.956340 1.8E—05
4  —-234.891317 —38.956318 —3E—-06 —234.891422  —38.956345 —5E—06
5 —273.847636 —38.956319 —1E—06 —273.847768  —38.956346 —1E-06
6  —312.803955 —38.956319 8.52651E—14  —312.804113  —38.956345 1E—06
n 2Esp AZE,p A*SEp 2Esp AZEsp A*SE,p
1 —1.213209 —1.211362
2 —1.571989 —0.35878 —1.56924 —0.357878
3 —1.930508 —0.358519 0.000261 —1.927134 —0.357894 —1.6E—05
4 —2.288994 —0.358486 3.3E—05 —2.285049 —0.357915 —2.1E-05
5 —2.648424 —0.35943 —0.000944 —2.642975 —0.357926 —1.1E-05
6 —3.007228 —0.358804 0.000626 —3.000916 —0.357941 —1.5E-05
n SE, AZE, A’ZE, SEs AZE, A’ZEsp
1 —116.80914 —116.811017
2 —155.406695  —38.597555 —155.409497  —38.59848
3 —194.004490 —38.597795 —0.00024 —194.007944  —38.598447 3.3E—-05
4 232602323  —38.597833 —38E—-05 —232.606373 —38.598429 1.8E—05
5 —=271.199212  —38.596889 0.000944  —271.204793  —38.598420 9E—06
6  —309.796727 —38.597515 —0.000626  —309.803198  —38.598405 1.5E—05

a) STO-6G. b) Results by the unscaled wave function. c¢) Results by the scaled wave function. d) In au.
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that the o skeleton of linear polyenes has a similar character
and may be interpreted as if the o electrons are localized to
shield nuclear charges.

Energy Additivity in Linear Polyenes.  Tables 5, 6,
and 7 show the atomic group (CH, or CH) interactions in
CH,=CH—(CH=CH)s—CH=CH,. The interaction of the total
energy is characteristic: except the first and last units, neigh-
boring interactions are found to be —0.144 (C—C) or —0.150
au (C=C). The one-three interactions are greatly reduced to
be a small constant of 0.025 au (the exception for including

the first or last groups can be understood as following from
the fact that the numbers of the hydrogen atoms attached to
the carbon atom are different from other groups).

One-four interactions and further long-range interactions
are negligible. Thus it is easily understood that addition of
the one unit of (CH=CH) to a polyethylenic system produces
a regular lowering of the total energy. The lower triangle of
Table 5 shows the nuclear-nuclear interactions (V45"). They
are long-range according to the classical electrostatic inter-
action. The interactions in the one-electron potential energy
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and two-electron potential energy are shown in Table 6. They
are of course long-range. Similar to the former case, if all the
potential energies are added (i. e. (Ven) 45+ (Vee) AB+VABN),
the long-range interactions are beautifully cancelled as shown
- in the upper triangle of Table 7. The kinetic energy inter-
actions ((T),) behave similarly to those of the total energy,
although the sign is reversed. The differences in the neigh-
boring interactions are seen to be much larger than those in
the total energy.

Concluding Remarks

If we reviewed the works concerning the empirical  en-
ergy, the followings are shown. (1) The empirical 7t energy is
aquantitative expression of the kinetic energy of free-moving
electrons in a one-dimensional box given by CH=CH units.'”
(2) They are linearly additive with respect to the ethylenic
units.>~ (3) The empirical 7 energy expresses the relative
quantity of the kinetic energy of 7 electrons.®? (4) The ratio
of the kinetic energy of & electrons to the total kinetic energy
in linear polyenes is constant.”

The present results lead to the ideas that (1) the empirical T
energy reflects the total energy because of the virial theorem
(2) and that the linear additive nature is caused by the fact that
the atomic group interactions are localized to those around
neighboring atoms.

The research was supported by the Ministry of Education,
Science, Sports and Culture.
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